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Abstract
In this work the radius of the n-Mandelbrot set is investigated for when n is a positive even integer.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Wikipedia, the free encyclopedia, introduces the Mandelbrot set as follows: “The Mandelbrot set is a fractal that
has become popular far outside of mathematics both for its aesthetic appeal and its complicated structure, arising
from a simple definition. This is largely due to the efforts of Benoit Mandelbrot and others, who worked hard to
communicate this area of mathematics to the general public.”
If g : C → C, then the sequence of iterates {gk(0)}∞k=1 is defined recursively by g1(0) = g(0) and gk+1(0) =
g(gk(0)) for k = 1, 2, . . . . Mathematically, the Mandelbrot set M can be defined (see [1, Theorem 14.14 in page
225]) as the set
M = {c ∈ C : { f kc (0)}∞k=1 is bounded} where fc(z) = z2 + c.
If n ≥ 2 is an integer, the n-Mandelbrot set is defined (see [2, pages 44–45]) as the set
Mn = {c ∈ C : { f kn,c(0)}∞k=1 is bounded} where fn,c(z) = zn + c.
Thus, M = M2.
In this note we study about the radius of the n-Mandelbrot set Mn . The radius of the n-Mandelbrot set, denoted
r(Mn), is given by
r(Mn) = max
c∈Mn
|c|.
Notice that the radius of the n-Mandelbrot set is the radius of the smallest disc center at the origin that contains the
n-Mandelbrot set.
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2. Analysis
Lemma. Let δ > 0. If |z| ≥ max{(2+ δ)1/(n−1), |c|}, then | fn,c(z)| ≥ |z|(1+ δ).
Proof. Notice that
| fn,c(z)| = |zn + c| ≥ |zn| − |c| = |z|n − |c|
≥ |z|n − |z| = |z|(|z|n−1 − 1)
≥ |z|(2+ δ − 1) = |z|(1+ δ). 
Proposition. If |c| > 21/(n−1), then c does not belong to Mn . Hence, we have Mn ⊆ {c : |c| ≤ 21/(n−1)}.
Proof. Suppose |c| > 21/(n−1). There is a positive real number δ such that |c| > (2 + δ)1/(n−1). Then we have
|c| = max{(2+ δ)1/(n−1), |c|}. Thus using the Lemma with c in place of z, we have
| f 2n,c(0)| = | fn,c(c)| ≥ |c|(1+ δ).
Now using the Lemma again with f 2n,c(0) in place of z, we have
| f 3n,c(0)| = | fn,c( f 2n,c(0))| ≥ | f 2n,c(0)|(1+ δ)
≥ |c|(1+ δ)(1+ δ) = |c|(1+ δ)2.
By repeating the same argument, we see in general that
| f k+1n,c (0)| ≥ |c|(1+ δ)k .
Thus, the sequence { f kn,c(0)}∞k=1 is not bounded. So we conclude that c does not belong to Mn . 
Theorem. If n is a positive even integer, then
r (Mn) = 21/(n−1).
Proof. By the Proposition, we know r(Mn) ≤ 21/(n−1). Define cˆ by
cˆ = 21/(n−1)eipi/(n−1).
We show that cˆ ∈ Mn . Notice that
cˆn =
(
21/(n−1)eipi/(n−1)
)n = 2 nn−1 e inpin−1 = 2 · 21/(n−1)eipieipi/(n−1) = −2cˆ.
Thus,
fn,cˆ(cˆ) = cˆn + cˆ = −2cˆ + cˆ = −cˆ.
Since n is even,
fn,cˆ(−cˆ) = (−cˆ)n + cˆ = cˆn + cˆ = −cˆ.
It follows that
{ f kn,cˆ(0)}∞k=1 = {cˆ,−cˆ,−cˆ,−cˆ, . . .}.
Since this set is bounded by |cˆ|, we see that cˆ ∈ Mn . Notice also that
|cˆ| = |21/(n−1)eipi/(n−1)| = 21/(n−1) |eipi/(n−1)| = 21/(n−1).
Thus we have
21/(n−1) ≤ r(Mn) ≤ 21/(n−1)
and so
r(Mn) = 21/(n−1) 
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